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We investigate the possibility of realizing a disorder-induced topological Floquet spectrum in two-
dimensional periodically-driven systems. Such a state would be a dynamical realization of the topological
Anderson insulator. We establish that a disorder-induced trivial-to-topological transition indeed occurs, and
characterize it by computing the disorder averaged Bott index, suitably defined for the time-dependent system.
The presence of edge states in the topological state is confirmed by exact numerical time-evolution of wavepack-
ets on the edge of the system. We consider the optimal driving regime for experimentally observing the Floquet
topological Anderson insulator, and discuss its possible realization in photonic lattices.
PACS numbers: 81.05.ue, 03.65.Vf, 73.43.Nq, 71.23.An
Topological states have been an ongoing fascination in con-
densed matter and recently led to the prediction [1–3] and re-
alization [4–6] of various topological phases, including topo-
logical insulators (TIs). TIs possess extraordinary properties
(gapless edge states [7, 8], topological excitations [9]) and
have myriad potential applications from spintronics to topo-
logical quantum computation [10]. One method to generate
topological states is via periodic driving of a topologically
trivial system out of equilibrium. These so-called Floquet
topological Insulators (FTIs) might be obtained by irradiating
ordinary semiconductors with a spin-orbit interaction [11, 12],
or graphene-like systems [13–16]; analogues in superconduct-
ing systems have also been proposed [22, 23]. Topological
phases thus obtained introduce new parameters for control-
ling the phase, such as the frequency and intensity of the drive.
Also, while FTIs have gapless edge states (just as topological
insulators do), they exhibit phases with no analog in equilib-
rium systems [17, 18]. Remarkably, topological Floquet spec-
tra were recently experimentally realized in artificial photonic
lattices where edge transport was observed [19], as well as in
the solid state [20]. The tunability of photonic systems is con-
ducive to exploring a variety of effects, including the influence
of controlled disorder.
Here, we are interested in the interplay of disorder and topo-
logical behavior. In two-dimensional TIs, it has been shown
[21] that ballistic edge modes are robust to disorder as long as
there is a bulk mobility gap. In contrast, disorder completely
localizes the states of trivial non-interacting (and spinless) 2-
D systems. In the presence of strong spin-orbit coupling, how-
ever, disorder can induce a phase transition from a trivial to a
topological Anderson insulator (TAI) phase, which exhibits
quantized conductance at finite disorder strengths. TAIs were
predicted in electronic models [24–27], but have not been ob-
served experimentally.
Can disorder induce topological phases in trivial
periodically-driven systems? Naively, we would think
that disorder would destroy the conditions that give rise to
Floquet topological phases. Nevertheless, we find concrete
examples where disorder induces a topological phase. Here
we investigate such transitions in driven systems, and de-
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FIG. 1: (a) Schematic representation of the system indicating uni-
formly disordered graphene in the presence of a staggered mass po-
tential and a circularly polarized light. Red-Black coloring indicates
the staggered mass in the sublattices A and B, and the variable radius
the disorder potential. (b) The Floquet band structure for the pure
system with parameters, A0 = 1.43, M = 0, and Ω/t˜ = 12. The
system is topological and supports edge states. The bulk gap is given
by the topological mass ∆/t˜ ≈ 0.75. (c) A trivial Floquet band
structure. All parameters are the same as (b) except M/t˜ = 0.85.
scribe their unique properties. The model we consider is
a graphene-like lattice subject to circularly polarized light,
with a staggered potential and on-site disorder. We obtain
the phase diagram as a function of disorder strength by
calculating the disorder-averaged bulk topological invariant
viz., the Bott index. The time-evolution of wavepackets
reveals gapless edge modes in the topological phase. As
we explain below, our model is especially appealing as it is
amenable to experimental realization in photonic lattices.
Our starting point is the tight binding Hamiltonian of a hon-
eycomb lattice subject to circularly polarized light,
H0(t) =
∑
<iα,jα′>
t1e
iAijc†iαcjα′ +Mσ
z
αα′c
†
iαciα′ , (1a)
H(t) = H0(t) + Udis (1b)
where α ∈ {1, 2} indicates sublattices A and B, Aij =
e
~A(t) · (ri − rj) and ~A = A0(sin(Ωt), cos(Ωt)) is the vec-
tor potential for the incident circularly polarized light of fre-
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2quency Ω. We consider nearest neighbour hopping with mag-
nitude t1. σz is the Pauli matrix, and M is the staggered sub-
lattice potential. H0(t) represents the clean limit for the sys-
tem and H(t) is the full Hamiltonian with Udis the disorder
potential. The disorder is chosen as an on-site chemical po-
tential, and is diagonal in the real-space representation. We
choose the natural system of units ~ = e = c = 1 and set
lattice spacing a = 1. The bandwidth of the time-independent
part ofH0(t) isW . As we explain below, the model of Eq. (1)
can be directly implemented in the photonic lattice realization
considered by Rechtsman et al. [19].
The idea behind our construction of a Floquet topological
Anderson phase is the following. A honeycomb lattice with a
staggered potential , Eq. (1), has a gapM at both Dirac cones.
A periodic drive alone also induces a gap, with masses of op-
posite sign at the two Dirac cones. To second order, this gap is
simply ±A20v2F /Ω, for the K and K ′ points. Thus, the drive
induces effectively a Haldane model [28], and yields an ex-
ample of a Floquet topological phase [13, 14]. For weak and
high-frequency (Ω  t1) drives, where perturbation theory
is valid, the drive and the staggering compete. Thus, the sys-
tem is topological when M < v2FA
2
0/Ω, with a Chern num-
ber |CF | = 1, and trivial otherwise. The key is the effect
of disorder: it diminishes a band gap induced by the drive,
but even more strongly it suppresses the staggering. Starting
from the trivial phase, M > v2FA
2
0/Ω, an increase in disorder
may reverse this balance, and induce a topological phase (for
a static analog, see Ref. [13]). In [29], we provide a Born-
approximation analysis of the disorder effects on the two gaps
in the static limit.
The explanation above, however, relies on weak, high fre-
quency drive, which effectively produces a static perturbation.
It does not capture the scenario in which the topological prop-
erties of the time-dependent system are a result of a resonance,
connecting states of the original bulk band structure. In addi-
tion, we find that it is necessary to consider strong driving
in order to observe the disorder induced topological phase.
Below, we will establish the existence of the Floquet topo-
logical Anderson phase beyond the limit of a weak, high fre-
quency drive. We will consider strong periodic drives, and
will analyze two distinct frequency regimes: the high fre-
quency regime (Ω > W ), and the low frequency (Ω < W )
regime in which resonances occur within the band-structure.
We will compare the two regimes and show that both of them
exhibit a disorder-induced FTAI phase.
First, let us transform the problem defined in Eq. (1) into a
time-independent Hamiltonian. We define HF as follows:
HFnm = nΩδnm +
∫ 2pi/Ω
0
dteiΩ(n−m)tH(t) (2)
The ’Floquet’ indices n (andm) refer to replicas of the Hilbert
space The eigenstates of HF are the quasi-energies (), which
are periodic in a quasi-energy ”Brillouin” zone with period Ω.
We set the boundaries of this zone at ±Ω/2. The off-diagonal
terms (in Floquet indices) of HFnm emerge from the hopping
term in Eq. (1), (H0)ij = t1 exp(iA0 cos(Ωt + φij)), where
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FIG. 2: (a) The Bott index,Cb, (in color), as a function of the quasi-
energy and the disorder strength. Edge states are observed in the
region where Cb(0) = 1. The quasi-energy gap,in the Born ap-
proximation, is shown(cyan) as a function of disorder. The sys-
tem parameters are A0 = 1.43, M/t˜ = 0.85 and the size is
(Lx, Ly) = (30, 30). (b) Cb as a function of disorder for differ-
ent staggered masses M/t˜ = 0, 0.5, 0.85, 1 at quasi-energy  = 0
keeping t1 and A0 same as (a). (c) Cb as a function of disorder for
different driving strengths, A0 = 0.28, 0.48, 0.90 and 1.43, keeping
fixed t1 and M/t1 = 0. We have set Ω/t1 = 12J0(1.43).
(i, j) indicates hopping from site i to j and φij = ±pi3 or
0. Therefore,
(
HFm,m+n
)
ij
= t1i
nJn(A0) exp(iφij), where
Jn(A0) are the Bessel functions of the first kind. Here, to
efficiently use exact-diagonalization, we neglect HFm,m+n =
0 for n ≥ 2. We also truncate (HF )nm, such that the Floquet
indices obey |n|, |m| ≤ nmax, with nmax determined through
convergence tests. The typical quasi-energy spectrum of our
model is given in Figs. 1 (b) and (c), where we have defined a
renormalized hopping, t˜ = t1J0(A0).
The quasi-energy band structure encodes the topologi-
cal properties of time-periodic Hamiltonians. While non-
interacting equilibrium 2D Hamiltonians with broken time-
reversal symmetry are classified by the Chern number,
periodically-driven systems require a more general topolog-
ical invariant - the winding number - which counts the num-
ber of edge states at a particular quasi-energy [18]. In disor-
dered time-independent systems, the disorder-averaged Chern
number is the Bott index, as defined by Hastings and Lor-
ing [30]. For our periodically-driven model, the disorder-
averaged winding number is calculated using the Bott indices
obtained from the eigenvalues and eigenvectors of HF , de-
fined in Eq. (2) , and truncated to a finite number of replicas
(for full details, see [29]). The Bott index at a particular quasi-
energy, Cb(), for the truncated HF , is the number of edge
states at that quasi-energy [18]. Also, the Chern number of a
quasi-energy band is simply the difference in the Bott indices
at the band edges.
Let us first consider the case of Ω > W without reso-
nances. The clean system forms a trivial insulator, with its
quasi-energy spectrum shown in Fig. 1 (c). The Bott index,
3Cb, as a function of disorder strength, U0, and quasi-energy
is shown in Fig. 2 (a). At very weak disorder, the index,
Cb( = 0) = 0 in the quasi-energy gap, and it is not quantized
at other quasi-energies, indicating a trivial phase. A topolog-
ical phase emerges as disorder increases, and is manifested
by the Bott index becoming one, Cb(0) ∼ 1. This phase is
induced by both disorder and drive, and, therefore, we iden-
tify it as a Floquet topological Anderson insulator (FTAI).
As expected, varying M while keeping the drive strength
fixed, shifts the position of the trivial-topological transition
(see Fig. 2 (b)). A qualitative description of this transition is
provided by the disorder-averaged Born approximation [29].
Even though, this approximation (Fig. 2(a)) captures this ba-
sic physics of the transition, it overestimates the exact point of
the transition.
At disorder strengths that are considerably larger than the
transition point, the FTAI phase is destroyed and there is lo-
calization at all quasi-energies. This transition is insensitive
to the staggered potential strength, as is evident from Fig. 2
(b); however, it depends on the drive strength (see Fig. 2 (c)).
To observe the FTAI, the trivial-to-topological transition must
occur well before the localization transition. Thus we consider
the effects of strong driving (where A0 ∼ 1). As discussed in
[29], the finite-size dependence of the Bott index as a function
of quasienergy in the topological phase is in agreement with
the presence of an extended state in the bulk. The topological
phase is protected against disorder if there is a ‘mobility gap’
in the spectrum, and some states are delocalized.
Next we numerically examine the existence of edge states
as a diagnostic for topological phases. The time-evolution
operator for H(t) is obtained in discrete time steps, δt us-
ing a split-operator decompositon. The honeycomb lattice
[Fig. 1 (a)] is considered in a cylindrical geometry, with pe-
riodic boundary conditions along X and open ones along Y
(see Fig. 3 (a)). Initializing with a δ-function wavepacket
at r0 ≡ (x0, y0), the Green function, G(r, r0, t), is obtained
from the time-evolution operator, U(t, 0). An evolution for N
time periods (T = 2pi/Ω) yields GN (r, r0, NT ) = 〈r|U(t =
NT, 0)|r0〉. The initial position, r0, is chosen to probe edge
or bulk. Compared to the analysis by exact-diagonalization of
HF , in this method we do not need approximations, and large
system sizes are accessible.
The propagator, GN (r, r0, NT ) is the Floquet Green’s
function obtained from HF [29]. So, the quasi-energy eigen-
values and eigenstates are analyzed by Fourier transforming
the Green’s function in time, GN (r, r0, ). With disorder, we
calculate, gN (r, r0, ) = 〈|GN (r, r0, )|2〉, where 〈.〉 indi-
cates disorder averaging. The extended or localized nature
of the states at quasi-energy  is given by the spread of gN
defined as λx(N), and λy(N), along X and Y directions re-
spectively.
The time-evolution is carried out for a system with A0 =
1.434, M/t˜ = 0.85, U0/t˜ = 3.5, and Ω/t˜ = 12. These pa-
rameters correspond to a FTAI and, thus we expect ballistic
edge states at  = 0. The initial wavepackets are chosen in
the A sublattice, on the two edges (cases (I) and (III)), and
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FIG. 3: (a) The cylindrical geometry for the time evolution of a start-
ing δ-function wavepacket. Cases (I), (II) and (III) have the starting
positions, r0 ≡ (x0, y0) in the A sublattice at the left edge, bulk and
right edge with y0/ay = 0, Ny/2 − 1 and Ny respectively. In all
the cases, we fix x0/ax = Nx/2. (b) The spread of gN (r, r0, 0) as a
function of total time of evolution Tf = NT along the X direction,
for r0 corresponding to case (I). λx(N) grows linearly, with a veloc-
ity vedge = (0.09 ± 0.001)a/T . (c) gN = 〈|GN (r, r0,  = 0)|2〉
in real space as a function of r, for the three cases, with N = 300
and averaged over 400 realizations of disorder . Each sublattice has
Nx×Ny = 100×30 points. The system parameters areA0 = 1.43,
and M/t˜ = 0.85.
the bulk (II), as shown in Fig. 3 (a). After evolution for N
cycles, gN (r, r0, 0), for all three cases is shown in Fig. 3
(c). For cases (I) and (III), g, is extended along X and lo-
calized in Y , indicating the presence of an edge state. The
decay of gN along X after some finite distance is due to fi-
nite time-evolution. The chiral nature of the edge states are
also revealed by the direction in which gN (r, r0, ) evolves
as a function of N . Fig(3)(b) shows that λx(N) increases
linearly with time of evolution, N , indicating that the edge
states are ballistic and do not backscatter from impurities. In
contrast, bulk states are diffusive in nature until Anderson lo-
calization sets in. A finite amplitude is observed on the edge
when starting with a bulk wavepacket because the bulk local-
ization length is larger than the width of the system, indicat-
ing an overlap of the edge state wavefunction with the initial
wavepacket. We have shown the presence of protected edge
states. This confirms the existence of the FTAI.
This novel phase persists even when there is a resonance
within the band structure(Ω < W ). There, a transition occurs
between an FTI phase and the disorder-induced FTAI phase.
Furthermore, the FTAI phase in this case cannot be under-
stood using perturbative arguments since the resonance alters
the topological nature of all the Floquet bands in the problem
[29]. Fig. 4 (a) shows the quasi-energy spectrum of the clean
system. The gap at the resonance,  = Ω/2 is topological with
|Cb(Ω/2)| = 2 and, thus, supports two edge states. The gap
at the Dirac points is trivial, |Cb(0)| = 0, since the staggered
massM still dominates over the effect of the drive near  = 0.
Fig. 4 (b) shows two transitions as disorder is increased. A
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FIG. 4: (a) Band structure for the case of a single resonance. Edge-
states (shown in red) are observed at the two bulk band gaps at
quasi-energies /t1 = 0 and Ω/2. The gap at  = 0 is made triv-
ial by a staggered mass. The system parameters are A0 = 0.75,
M/t1 = 0.3, and Ω/t1 = 9/2. (b) Disorder-averaged Bott in-
dex at a particular quasi-energy gap, Cb(0) (magenta) and Cb(Ω/2)
(blue).The Floquet Hamiltonian is truncated after 9 Floquet bands.
System size is (Lx, Ly) = (30, 30). (c) Disorder-averaged Chern
number, CF = Cb(0)−Cb(Ω/2), of a single Floquet band between
 = −Ω/2 and  = 0.
topological-to-trivial transition removes the edge states in the
gap at the resonance ( = ±Ω/2). Another transition induces
topological edge states at  = 0. From the finite sizes investi-
gated, the topological to trivial transition at  = Ω/2 happens
initially and is unrelated to the transition at  = 0. Finally,
disorder becomes strong enough to localize the entire band,
as in the high-frequency case. The Chern number of the band
between these two quasi-energies, CF = Cb(0) − Cb(Ω/2)
changes from |CF | = 2 to |CF | = 1, and then to |CF | = 0
(Fig. 4 (c)). The intermediate regime, with |CF | = 1, is again
identified as a FTAI - it is a topological state that requires both
disorder and a periodic drive. The fact that this phase exists
even in a system which is non-perturbatively affected by the
periodic drive indicates the universality and robustness of the
FTAI.
This FTAI phase is directly amenable to experimental ob-
servation. Recently a topological band-structure was experi-
mentally demonstrated [19] in a structure composed of an ar-
ray of coupled waveguides (a ”photonic lattice”). There, the
diffraction of light is governed by the paraxial Schro¨dinger
equation, wherein the spatial coordinate along the waveguide
axis acts as a time coordinate. The guided modes of the
waveguides are analogous to atomic orbitals, and thus, the
diffraction is governed by a tight-binding model. By fabricat-
ing the waveguides in a helical fashion, z-reversal symmetry
is broken, resulting in a photonic Floquet topological insulator
[11], with topologically-protected edge states.
The same system may give a realization of Eq. (1) and the
proposed FTAI phase. The gauge field, A0, in the photonic
system is determined by the helix radius and period. The sub-
lattice potential, M , and on-site disorder, U0, may be imple-
mented by fabricating waveguides of different refractive in-
dices, which is straightforwardly done in the laser-writing fab-
rication process [31]. Since each waveguide can be fabricated
with a specified refractive index, the mass, M and disorder
strength, U0 can be tuned entirely independently. In the sup-
plementary section [29], we fully discuss the relevant exper-
imental parameters in the photonic lattice setup and demon-
strate that the data we have presented here (shown in Figs.
2-4) are entirely amenable to experiment. The topological
transition may be probed by measuring transmission through
the photonic lattice for samples of different disorder strengths.
For small disorder, the presence of a bulk band gap will give
rise to zero transmission through the sample. For disorder
strengths above the transition, the presence of edge states in
the band gap will allow transmission through the sample: a di-
rect experimental observable. Therefore, the FTAI phase may
be implemented using an optical wavefunction in a photonic
crystal structure, as opposed to an electronic wavefunction in
a condensed matter system.
In summary, we have established the existence of a
disorder-induced Floquet Topological Insulator phase. Start-
ing from a clean system that is trivial even in the presence
of time-periodic driving, disorder renormalizes the parameters
of the Hamiltonian to make they system topological. Experi-
mentally the parameters are in a range that can be achieved in
a photonic lattice, and this could be a first experimental real-
ization of the Topological Anderson Insulators.
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1SUPPLEMENTARY MATERIALS
FLOQUET-BLOCH THEORY: DEFINITIONS
Let us start with the Hamiltonian H(t) that is periodic in
time,
H(k, t) = H0(k) + V (t), (1)
H(k, t) = H(k, t+ T ), with T = 2pi/Ω,
as the time-period, Ω being the frequency. Here, H0 contains
the time-independent terms of the Hamiltonian. The states are
given by the solution to the full time-dependent Schro¨dinger
equation,
i~
∂
∂t
ψ(k, t) = H(t)ψ(k, t) (2)
The Floquet-Bloch theorem states that, the time-evolution op-
erator can be written as
U(t, 0) = exp
(−iHF t)W (t), with W (t+ T ) = W (t),
(3)
and HF is a time-independent Hermitian operator. The form
of Eq. (3) allows us to identify HF as an effective time-
independent Floquet Hamiltonian.
In order to define HF , for the case at hand, the Fourier
decomposition of the solution to Eq. (2) is used,
ψ(k, t) =
∑
n
ψn(k)e
inΩt, (4)
=
∑
n
〈n|ψF 〉〈t|n〉, with 〈t|n〉 = einΩt. (5)
In Eq. (5), we have introduced an additional register particle,
{|n〉}, where n ∈ Z. The Floquet Hamiltonian, HF , is de-
fined in a way such that |ψF 〉 are eigenstates. Necessarily, it
is defined in an extended Hilbert spaceH ⊗{|n〉}, whereH
is the original Hilbert space of the Hamiltonian (see Eq. (2)).
The time-dependent Schro¨dinger equation is rewritten in an
effective time-independent form,
HF |ψF 〉 = |ψF 〉, (6)
where HF is infinite dimensional. The eigenvalues () are
referred to as quasi-energies, and the eigenfunctions of the
Floquet Hamiltonian, defined in Eq. (6), are the quasi-energy
states. The spectrum of HF is unbounded; however, we note
that in Eq. (3), the eigenvalues () of HF describe the non-
periodic evolution of these states as a function of time. There-
fore, they are unique modulo Ω,  ≡  + mΩ. The explicit
form of the Floquet Hamiltonian for H(t) defined in Eq. (2)
is,
(HF (k))mn ≡ 〈m|HF (k)|n〉,
= (H0(k) + nΩ)δmn + V˜mn, (7)
where,
V˜mn =
1
T
∫ T
0
dtV (t)ei(m−n)Ωt (8)
The integers m and n indexes a particular Floquet block in
the matrix HF . In this representation, the time-independent
terms, likeH0, are diagonal, but the time-dependent potential,
V (t), acts as a hopping amplitude between various Floquet
blocks. These Floquet blocks are like replicas of the original
Hamiltonian shifted in quasi-energy by Ω, and the indices will
also be referred as the replica index. The quasi-energies can
be computed by truncating the matrix after a certain number
of Floquet blocks and diagonalizing it.
The Floquet Green function is defined as
GF =
1
(E1−HF ) . (9)
All elements of GF can be rewritten in a closed analytical
formula [3] for the special case where the only non-zero com-
ponents of V˜mn are V− = V˜m+1,m and V+ = V˜m,m+1 with
m ∈ Z . We mostly restrict ourselves to the (0, 0) Floquet
block,
(GF )00 =
1
E1−H0 − V +eff − V −eff
, (10)
V ±eff = V+
1
E ± Ω−H0 − V+ 1E±2Ω−H0−V+ 1...
V−
V−
V−.
The Green function can be obtained perturbatively to any or-
der in V by truncating the continued fraction at that order.
FLOQUET TOPOLOGICAL INSULATORS: HALDANE
MODEL AND HIGHER CHERN INSULATORS
The topological behavior in the non-equilibrium situation
is obtained by choosing a drive of appropriate frequency.
We show the non-trivial topology of the quasi-energy band-
structure for the graphene based model in the presence of cir-
cularly polarized light.
The tight-binding model on a hexagonal lattice with nearest
neighbor hopping and without radiation, in the low energy and
linearized momentum regime reduces to
H0 = vF (kxσzτz + kyσy) +Mσz (11)
where σx and τz refer to sub-lattice isospin and valley degree
of freedom respectively, vF is the Fermi velocity at the Dirac
points and M is the sub-lattice mass term. In the presence of
circularly polarized light, using Pierels substitution, we have
H(t) = vF ((kx −Ax)σxτz + (ky −Ay)σy) +Mσz(12)
A(t) = A0(sin(Ωt), cos(Ωt))
where A is the vector potential for incident radiation. Con-
sider a general form of the external drive defined in Eq. (2),
V (t) = V+e
iΩt + V−e−iΩt, (13)
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2where V± are time-independent operators. Therefore, in the
model considered, we have,
V+ = A0
(
i
2
σxτz − 1
2
σy
)
, (14)
V− = V
†
+. (15)
Note that the analysis discussed here (see Eq. (11) to Eq. (15))
is valid only in the perturbative low energy regime with |A| 
1.
This model breaks time-reversal symmetry, and is classi-
fied by the Chern number. We explore two cases, (a) zero
resonances, and (b) a single resonance due to radiation and
their effects on the topology.
(A) No resonances
This case corresponds to irradiating the system with off-
resonant light. The incident frequency of the drive, Ω 
W , where W is the bandwidth of the time-independent
band-structure. The correction to the energies of the non-
equilibrium states are obtained by inspecting the poles of the
Floquet Green function. In this case, to lowest order in the ra-
diation potential, the off-diagonal terms inGF can be ignored.
The diagonal element, GF00, to O(V
2) is,
GF00 =
(
E1−H0 − [V+, V−]
Ω
)−1
= (E1−Heff)−1 (16)
where we have a new effective Hamiltonian, Heff . Using
equations (14), (15) and (16), we note that Heff is equivalent
to the Haldane model for anomalous quantum Hall effect with
a topological mass ∆0 =
v2FA
2
0
Ω ,
Heff = vF (kxσxτz + kyσy) +Mσz + ∆0σzτz (17)
=

∆+ kx − iky 0 0
kx + iky −∆+ 0 0
0 0 ∆− −kx − iky
0 0 −kx + iky −∆−
 ,(18)
where τ denotes the valley space, and ∆± = M ± ∆0. The
mass gap opens at the Dirac points of the band-structure near
 = 0. The bands will be topological or trivial when M < ∆0
and M > ∆0 respectively. Specifically, for M < ∆0, the
Chern number, Cn = 1, when measured at quasi-energies in
the gap, −(∆0 −M) <  < ∆0 −M , and is zero at all other
quasi-energies.
(B) Single resonance
This scenario corresponds to the driving frequency in the
regime W/2 < Ω < W . The quasi-energy band-structure has
two gaps at (i) = 0, and (ii)  = ±Ω/2, where the topo-
logically non-trivial features may be measured. The gap at
 = 0 is the same as that discussed in case (A) and is equal
to ∆0. We incorporate the effect of off-resonant processes on
the quasi-energy band-structure by making the replacement
H0 → Heff in the Floquet Hamiltonian defined in Eq. (7). For
quasi-energies close to resonance,  ∼ Ω/2, adjacent diago-
nal Floquet blocks, Heff , and Heff −Ω, are nearly degenerate.
Therefore, to lowest order, HF must be diagonalized in this
subspace of two adjacent Floquet blocks, to obtain the correct
quasi-energies. The effective two band Hamiltonian is given
by,
(HF )eff = PΩ
(
Heff − Ω V+
V− Heff
)
PΩ, (19)
where PΩ is the projector onto the bands with quasi-energies
in the range 0 <  < Ω. This is exactly the same as degenerate
first order perturbation theory, and therefore, the gap exactly
at resonance,  = Ω/2, is proportional to |V±|.
The quasi-energies of HF are periodic in Ω. To properly
define a the Chern number for a band (Cn), we must specify
its upper and lower bound in quasi-energies. An alternative
is to measure the Chern number (Ctruncn ) of all bands below a
particular quasi-energy, for a truncatedHF . It has been shown
[2] that this number corresponds to the number of edge states
that will be observed at that particular quasi-energy irrespec-
tive of chirality. For the case of single resonance, the Chern
number of the truncated HF for M < ∆0 is
Ctrunn =
{
1 if  = 0
2 if  = ±Ω/2, (20)
and for M > ∆0
Ctrunn =
{
0 if  = 0
2 if  = ±Ω/2, (21)
The Chern number of the bands are Cn = ±3 whenM < ∆0,
and Cn = ±2 when M > ∆0.
BORN APPROXIMATION: DETAILS
The transition from a trivial state to a topological state is
due to renormalization of parameters of the Hamiltonian due
to disorder. In the lowest order Born approximation, the cor-
rection to the density of states are obtained from exact analyt-
ical expressions for the self energy. This provides an accurate
description for the density of states as a function of disorder at
dilute disorder. The disorder averaged Floquet Green function
is given by,
〈GF (iωn,k)〉 = 1
iωn −HF (k)− Σ(E) , (22)
and,
Σ(iωn,k) =
∫
FBZ
dk′ 〈Udis(k,k′)GF (iωn,k′)Udis(k′,k)〉,
(23)
3where, 〈. . . 〉 denotes disorder averaging, Udis(k,k′) is the
disorder potential in Fourier space, and Σ is the self energy.
We are interested at the physics of the topological transition
near  = 0 as a function of disorder. For the case of zero
resonances, this is correctly modeled by the effective Hamil-
tonian, Heff , defined in Eq. (17). Therefore, instead of using
the Floquet Green function, GF , we use the effective Green
function given by,
Geff0 (iωn,k) =
1
iωn −Heff(k) . (24)
The disorder potential, Udis, is modeled as δ-correlated
point scatterers. The short range of scattering implies that
both inter- and intra-valley processes must be taken into ac-
count. It is assumed that, in the linearized regime, the disorder
matrix in real space is [4],
Udis(~r) =
∑
i

UAi 0 U
A
i e
iφAi 0
0 UBi 0 U
B
i e
iφBi
UAi e
−iφAi 0 UAi 0
0 UBi e
−iφBi 0 UBi

(25)
where,
UA,Bi = u
A,B
i δ(r− rA,Bi ), (26)
φA,Bi = (K
′ −K) · rA,Bi . (27)
A and B refer to the different sub-lattices, K and K′ are the
two valleys, and i is summed over the unit cells. The disorder
potentials uA,Bi are taken from an uniform distribution in the
range [−U0/2, U0/2] and are δ-correlated. Therefore,
〈uAi 〉 = 〈uBi 〉 = 0, (28)
〈uνi uν
′
j 〉 =
U20
12
δijδνν′ , ν, ν
′ ≡ A,B, (29)
where we have used that the variance of the uniform distri-
bution is U20 /12. The diagonal and off-diagonal terms in Eq.
(25) account for intra- and inter-valley scattering respectively
and are assumed to have the same magnitude.
The self energy can be calculated by rewriting Udis (see
Eq. (25)) in Fourier space and using Eq. (23) . In the limit of
|k′|  |K −K′|, it can be assumed that, the fast oscillating
exponents in the off-diagonal terms in the self energy Eq. (23)
averages to zero [4], i.e.,
〈
∑
i
ei(k
′.rνi ±φνi )〉 = 0. (30)
Therefore, the self energy is diagonal in valley space and inde-
pendent of momentum k. Consequently, after integrating out
the momentum, k′, in the first Brillouin zone, the four main
contribution to the self energy are,
Σ = ΣII+ ΣMσz + Σ∆σzτz + Σ0τz, (31)
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FIG. 1: The expected quasi-energy gap as a function of disorder
given by the Born approximation. This is obtained by plotting the
solution to the ω˜ = M˜ − ∆˜0 as a function of disorder. The parame-
ters for the system are A0 = 1.434, ∆0 = 0.75 and M = 0.85.
with,
ΣI = −nu2 iωn
4piv2F
log
(
v4FD
4
f+f−
)
, (32)
ΣM = − nu
2
4piv2F
[
M log
(
v4FD
4
f+f−
)
+ ∆ log
(
f−
f+
)]
,(33)
Σ∆ = Σ0 = 0, (34)
where f± = ω2n + (M ±∆0)2. Therefore, the parameters in
Heff(t) get renormalized as
iω˜n = iωn − ΣI0, (35)
M˜ = M + Σz0, (36)
and, ∆˜0 = ∆0. (37)
The renormalized mass, M˜ , reduces with increasing disor-
der. The renormalized quasi-energy is obtained by analytical
continuation of iωn → ω and the band gap as a function of
disorder is the solution to the equation ω˜ = M˜ − ∆˜0. This
is shown in Fig. (1) with parameters vf = 3/2, ∆ = 0.75
M = 0.85 and D = 4pi/3. These parameters correspond to
the case (I) of zero resonances. The topological phase tran-
sition occurs at the point where the band gap vanishes, which
happens when M˜ = ∆˜. For stronger disorder, the gap reopens
in the topological phase and a non-vanishing Chern number
must therefore be measured at the quasi- energies in the gap.
BOTT INDEX FOR FLOQUET HAMILTONIAN.
We outline the method to obtain the Chern number of bands
for disordered periodically driven Hamiltonians. The Bott in-
dex as a measure to obtain the Chern number, was defined by
Hastings and Loring [1] for time-independent Hamiltonian.
We generalize this formula for periodically driven systems by
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FIG. 2: Finite size effect of the disorder averaged Bott index at dis-
order strength, U0 = 3.5, for the zero resonance case,as a function
of quasi-energy for sizes Lx = Ly = 20, 30, 40 and 50. The index
has been averaged over 400 disorder realizations.
using the eigenstates of the truncated Floquet Hamiltonian,
HF . This index will measure the number of edge states at a
given quasi-energy[2]. Consider a Hamiltonian, H(t) defined
on a lattice with periodic boundary conditions (torus geome-
try). Given two diagonal matrices Xij = xδij and Y = yδij
for the x and y coordinates of the lattice sites, let us define
two unitary matrices,
UX = exp(i2piX/Lx), (38)
UY = exp(i2piY/Ly), (39)
where Lx,y are the dimensions of the system. In the extended
Floquet Hilbert space, the analogous definition for the unitary
matrices are, (
UFX
)
mn
= UXδmn, (40)(
UFY
)
mn
= UY δmn, (41)
where (m,n) refer to a particular Floquet block. For a band of
quasi-energies, l <  < h, the Bott index is an integer, and
it is well defined as long as the lower and upper bounds, l,h,
are in a mobility gap of the quasi-energy band-structure. The
topological invariant is calculated using the unitary matrices
projected onto a band. Let P be the projector onto the chosen
band of quasi-energies. In our system, we will be calculating
the Bott index of all states with quasi-energies,  < 0, in the
truncated Floquet Hamiltonian, HF . The projected unitary
matrices are defined as,
U˜FX,Y = PU
F
X,Y P. (42)
For a given disorder configuration, the Bott index of the band
is given as,
Cb =
1
2pi
Im
[
Tr
(
log
(
U˜FY U˜
F
X U˜
F†
Y U˜
F†
X
))]
. (43)
The Bott index is a measure of commutativity of these pro-
jected unitary matrices, and it can be shown to be equivalent
to the Kubo formula for the Hall conductivity[1]. For a given
disorder strength, the Bott index must be averaged over a large
number of configurations.
FINITE SIZE EFFECT
We investigate the finite size effect on the non-quantized
region of the Bott index when in the Floquet-Anderson topo-
logical insulator (FATI) phase.
In Fig. 2, we have plotted the disorder averaged Bott in-
dex as a function of quasi-energy for different system sizes.
It is clear that with increasing system size, the non-quantized
region of the Bott index becomes sharper. This is in agree-
ment with the expectation of a sharp extended state in the bulk
quasi-energy band, analogous to a quantum hall state. There-
fore, we expect the localization transition to be in the quantum
Hall universality class. The current accessible system size is
not sufficient to obtain the critical exponents of this transition.
OBTAINING EXPERIMENTAL PARAMETERS
ASSOCIATEDWITH THE FTAI
The equation describing the paraxial diffraction of light
through an array of waveguides is a Schro¨dinger equation
[5, 6]:
i∂zψ = − 1
2k
∇2⊥ψ −
k∆n(x, y, z)
n0
ψ, (44)
where z is the distance of propagation along the waveguide
axis; k is the ambient wavenumber in the medium; ∇2⊥ is the
Laplacian in the transverse (x,y) plane; n0 is the refractive in-
dex of the ambient medium, and ∆n(x, y, z) is the refractive
index variation as a function of position that describes the
waveguides. Each waveguide in the lattice is best described
by a hypergaussian function, where the refractive index
pattern (for a single straight waveguide) can be written as
∆n(1)(x, y, z) = ∆n1 exp
(−[(x/σx)2 + (y/σy)2]3). The
fabrication procedure referred to in the main text [26] allows
for a range of values for ∆n1, depending on the speed of laser
writing - taking values between 0.5 × 10−3 and 1.1 × 10−3.
The writing procedure leads to waveguides that are elliptical
in shape (because the size of the focus of the writing beam
in the transverse direction can be made much smaller than
that in the longitudinal direction), with σx ∼ 2µm and
σy ∼ 5.5µm.
In order to calculate coupling parameters between waveg-
uides, a plane-wave expansion procedure [6, 7] is used in
order to exactly numerically diagonalize Eq. (44). This
procedure is carried out for both a single waveguide and for
two waveguides spaced at a distance d from one another.
The former allows the calculation of the on-site energy (or
5“propagation constant” in optics terminology), which is
associated with the chosen refractive index of the waveguide:
this is just the eigenvalue associated with the bound mode of a
single-mode waveguide. The latter allows for the calculation
of the evanescent coupling/hopping constant between two
neighboring waveguides: this is just half the splitting between
the eigenvalues of the two bound modes associated with the
coupled waveguides.
In order to fully examine the realizability of the experimen-
tal setup, we calculate - using standard numerical techniques
[6] - that the hopping parameter can be tuned over an ex-
tremely large range (0.083cm−1 through 2.7cm−1) because
the nature of the coupling between adjacent waveguides is
evanescent (these values correspond to the waveguides dis-
cussed in Ref. [5], at lattice spacings 30µm and 12µm, re-
spectively). Furthermore, the on-site energies may be varied
significantly by varying the refractive index difference of the
waveguides relative to the background (which can be realisti-
cally varied in the range of 5.0×10−4 through 1.1×10−3 - as
discussed above). Assuming a waveguide helix pitch of 1cm
as in Ref. [5], the parameter U0/Ω may vary over a range of
∼ ±1.8 - this incorporates the full range of parameters dis-
cussed in the main section of this paper. For a typical hop-
ping parameter of t1 = 1.5cm−1, the dimensionless param-
eter U0/t (the degree of on-site disorder in units of the hop-
ping) can take on values anywhere from U0/t = 0 through 1.6
- again, this includes the range discussed in the present paper.
It is important to demonstrate that the strengths of the
gauge field, A0, as used here are directly realizable under
experimental conditions. As shown in Ref. [5], the dimen-
sionless expression for the strength of the gauge field is
A0 = kRΩa, where k is the wavenumber in the ambient
medium (k = 2pin0/λ, where n0 = 1.45 is the refractive
index of fused silica, and λ = 0.633µm is the wavelength of
laser light used); R is the radius of the waveguide helices;
Ω = 2pi/1cm is the spatial frequency of the helices, and
a = 15µm is the lattice spacing between nearest neighbor
waveguides. In the experimental work [5], the helix radius
was tuned (with a constant helix pitch of 1cm) from 0µm
through 16µm. This corresponds to a gauge field strength
(in the dimensionless units of the present paper) of A0 = 0
through A0 = 2.17. The experimental work showed that
this range was fully accessible experimentally. In the present
paper, we perform calculations at a number of different gauge
field strengths, including 0.28, 0.48, 0.9 and 1.43 (for the
calculations shown in Fig. 2); 1.43 (for the calculations in
Fig. 3); and 0.75 (for the calculations in Fig. 4). All of these
are clearly experimentally accessible.
Taken together, we have shown here that the parameters
proposed in this work are directly amenable to experimental
realization.
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